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Abstract
The invariant mass spectrum of the e+e− and µ+µ− pairs from decays of
light unflavored mesons with masses below the φ(1020)-meson mass to final
states containing along with a dilepton pair one photon, one meson, and two
mesons are calculated within the framework of the effective meson theory.
The results can be used for simulations of the dilepton spectra in heavy-ion
collisions and for experimental searches of dilepton meson decays.
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I. INTRODUCTION
During the last decade, the problem of the description of hadrons in dense and hot nuclear
matter received great attention. It is well known that particles change their properties when
they are placed into a medium. Already in the seventies the reduction of the nucleon masses
in nuclei was implemented into the Walecka model in the framework of effective hadron
field theory [1,2]. Later on this effect was put on firmer grounds on the basis of a partial
restoration of chiral symmetry and finite-density QCD sum rules [3]. The change of the
meson properties is also discussed in the quantum hadrodynamics [2] and finite-density QCD
sum rules [4]. The investigations in the Nambu-Jona-Lasinio model provide an evidence for
reduction of nucleon and meson masses at finite density and temperature as well [5].
On the other hand, many-body correlations lead to a dressing of the particles inside the
medium and strongly modify spectral properties of the mesons [6–8]. Thus one expects a
significant reduction of the corresponding life times which, loosely speaking, result in melting
the mesons in the nuclear environment.
The melting of the higher nucleon resonances is established experimentally from the
measurement of the total photoabsorption cross section on heavy nuclei [9]. There is a clear
signal for a change of the shape of the ∆-resonance in nuclei, related to the Fermi motion
and, as noticed in Ref. [10], to the collision broadening effect discussed first by Weisskopf [11]
in connection with a broadening of the atomic spectral lines in gases. The higher nucleon
resonances are not seen in the cross section due to a strong collision broadening effect.
The purpose of the current investigations is to determine mass shifts and the broadening
of hadronic resonances in nuclear matter. The formulation of this problem can be traced
back to the atomic spectroscopy where the shifts of atomic energy levels and the broadening
of atomic spectral lines in dense and hot gases is a relatively well studied subject (see e.g.
Ref. [12]).
The search for signatures of modified hadron properties such as reduction masses ac-
cording to the Brown-Rho scaling [13] are presently pursued with high experimental efforts.
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However, most hadronic probes loose important information on the early and violent phase
of the reaction by strong final state interactions. One of the most promising probes to
study in-medium properties of vector mesons are dilepton pairs ℓ+ℓ− (ℓ = e, µ) which are
produced from decays of ρ0-, ω-, and φ-mesons in heavy-ion collisions. The leptonic probes
have the advantage that they are the nearly undistorted messengers from the conditions at
their creation, unlike e.g. pions.
The dilepton spectra measured by the CERES and HELIOS-3 Collaborations at CERN
SPS have attracted special interest [14,15]. Compared to theoretical predictions, both ex-
periments found a significant enhancement of the low-energy dilepton yield below the ρ
and ω peaks. One way to explain this low-energy dilepton excess is to assume the scenario
of a significant reduction of the ρ-meson mass in a dense medium [16–18]. On the other
hand, a more sophisticated treatment of the ρ-meson spectral function which includes the
broadening in dense matter [7,8] seems also to be sufficient to account for these data [18,19].
An excess of low-energy dileptons occurs already at moderate bombarding energies. How-
ever, the spectra obtained by the DLS Collaboration at the BEVALAC [20] for the incident
energies around 1 A·GeV cannot be reproduced by present transport calculations [21]. Even
using the reduction of the ρ-meson mass, there remains a discrepancy for the dilepton yield
by a factor of 2 to 3 [21,22]. Also the medium dependence of the spectral function, even
in combination with a dropping ρ mass, does not provide an explanation for this so called
’DLS puzzle’ [23,24]. It is interesting to note that this fact is independent on the system size
and occurs in light (d+Ca) as well as in heavier systems (Ca+Ca). The dilepton yield in
elementary p + p collisions measured by the DLS Collaboration [25] is also underestimated
by standard theoretical descriptions [21]. In Ref. [26] it was claimed that the discrepancy
between the DLS data and theoretical simulations disappears if additional background con-
tributions from dilepton decays of higher nucleon resonances (mainly N∗(1520)) are taken
into account. This demonstrates that a most precise knowledge of the background is in-
dispensable for the interpretation of the present and future dilepton data. The HADES
experiment at GSI, Germany, will focus on these topics to a large extent [27].
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While the dilepton spectra stemming from the mesonic decays are not distorted by final
state interactions, the problem of extracting information on the in-medium properties of the
vector mesons is a specific theoretical task, due to a large amount of decays contributing
to the background. A precise and rather complete knowledge of the relative weights for
existing decay channels is therefore indispensable in order to draw reliable conclusions from
dilepton spectra.
The study of the dilepton decays is useful also for the search on the dilepton decay modes
of the light unflavored mesons. These decays give a deeper insight into meson structure, al-
lowing to measure transition form factors at the time-like (resonance) region. In four-body
decays the decay probabilities are determined by the half-off-shell meson transition form
factors which cannot be measured in other reactions. There are plans to study the η′ tran-
sition form factors in the space-like region in reactions of the photo- and electroproduction
at CEBAF energies [28]. Recently, the DLS Collaboration published data on the dilepton
production in the elementary pp and pd collisions [25]. These data are analyzed in Refs.
[21,26]. The plans from the HADES Collaboration include measurements of the dilepton
spectra from proton-proton and pion-proton collisions [27]. These experiments are stimu-
lated by the already mentioned discrepancy between the number of the observed dilepton
events and results of the transport simulations, that indicate a limited understanding of the
mechanism for the dilepton emission in heavy-ion collisions. In such experiments, there is a
possibility for exclusive measurements of the different mesonic channels.
In the present work, we perform a detailed study of possible mesonic ℓ+ℓ− decays
which appear in the SIS energy range, i.e. at lab. energies below 2 GeV/nucleon. At 2
GeV/nucleon, the ρ-meson is produced slightly above the threshold. Due to statistical fluc-
tuations, the production of heavier mesons is, however, also possible. We consider decays of
unflavored light mesons with masses below the φ(1020)-meson mass within the framework of
the effective meson theory. The vertex couplings are determined from the measured strong
and radiative decay widths and, when the experimental data are not available, from SU(3)
symmetry. The transition form factors entering the decay rates are calculated using the
4
Vector Meson Dominance (VMD) model. In this way, we achieve generally good agreement
with the experimental branching ratios for radiative meson decays. For the dilepton decay
modes the branching ratios are, however, only known in a few cases.
We consider the vector mesons ρ, ω, and φ(1020) (= V ), the pseudo-scalar mesons π,
η, η′ (= P ), and the scalar mesons f0(980) and a0(980) (= S). The various decay modes
can systematically be classified as follows: (i) There are, first of all, the direct decays modes
V → ℓ+ℓ−, which contain the information on the in-medium vector meson masses. In the
next Sect., some useful relations which simplify calculations of the decay rates to final states
with a dilepton pair are derived. In Sect.3 we make a few remarks on the direct decay modes.
There exits then a large number of processes which mask the vector meson peaks and which
should be treated as a background. (ii) These are Dalitz decays of pseudoscalar mesons
P → γℓ+ℓ− and scalar mesons S → γℓ+ℓ−. These decays are discussed in Sect.4. (iii) One
has also Dalitz decays with one meson in the final states V → Pℓ+ℓ− and P → V ℓ+ℓ−,
which we discuss in Sect. 5. The radiative decays of these mesons are well studied both
from the theoretical and experimental points of view. The uncertainties in the estimates
for the dilepton decays are connected with the lack of experimental information on the
transition form factors. Constructing the VMD model transition form factors, we take
special care of the quark counting rules. (iv) Finally, there exist decays to four-body final
states V → PPℓ+ℓ−, P → PPℓ+ℓ−, and S → PPℓ+ℓ−. Sect. 6 is devoted to these decays.
We calculate almost all four-body dilepton modes of the unflavored mesons with masses
below the φ(1020). The numerical results for radiative widths of the three-body decays
(V → PPγ, etc.), which provide a useful test for the model considered, for the dilepton
widths (V → Pℓ+ℓ−, V → PPℓ+ℓ−, etc.), and for the dilepton spectra from the unflavored
meson decays are presented in Sect. 7.
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II. RELATION BETWEEN THE DECAYS M→ M′γ∗ AND M→ M′ℓ+ℓ−
As mentioned above, we consider decays M → M′ℓ+ℓ− where M is a meson, M′ is a
photon, a meson, or two mesons, and ℓ+ℓ− is an electron-positron or muon-antimuon pair.
The results of this Sect. are valid, however, for arbitrary states M′. The decay M→ M′ℓ+ℓ−
proceeds through two steps: M→ M′γ∗ and γ∗ → ℓ+ℓ−, where γ∗ is a virtual photon whose
mass, M , is equal to the invariant mass of the dilepton pair.
The matrix element of the physical process M→ M′γ for a real photon γ has the form
M =Mµε∗µ(k) (II.1)
where εµ(k) is a photon polarization vector. The matrix element Mµ is defined also at
k2 = M2 6= 0 for virtual photons γ∗. As a consequence of the gauge invariance, it is
transverse with respect to the photon momentum
Mµkµ = 0. (II.2)
The decay rate M→ M′γ∗ can formally be calculated as
dΓ(M→ M′γ∗) = 1
2
√
s
∑
f
MµMν∗(−gµν) (2π)
4
(2π)3n+3
dΦn+1 (II.3)
where
√
s is mass of the decaying meson and n is number of particles in the state M′. The
phase space in Eq.(II.3) is defined in the usual way
dΦk(
√
s,m1, ..., mk) =
k∏
i=1
dpi
2Ei
δ4(P −
k∑
i=1
pi). (II.4)
Here, P is the four-momentum of the meson M , P 2 = s, and pi are momenta of the particles
in the final state, including the virtual photon γ∗. In Eq.(II.3), the summation over the final
states and averaging over the initial states of the decaying meson is performed. The limit
M2 → 0 gives the decay rate of the physical process M→ M′γ.
The M→ M′ℓ+ℓ− decay rate is given by
dΓ(M→ M′ℓ+ℓ−) = 1
2
√
s
∑
f
MµMν∗jµjν∗ 1
M4
(2π)4
(2π)3n+6
dΦn+2 (II.5)
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where jµ is the lepton current. The term 1/M
4 comes from the photon propagator, and
dΦn+2 is the phase space of n particles in the state M
′ and of the ℓ+ℓ− pair.
The value Γ(M→ M′ℓ+ℓ−) can be related to the decay rates Γ(M→ M′γ∗) and Γ(γ∗ →
ℓ+ℓ−). In the analogy with massive vector particles, the width of a virtual photon γ∗ can
formally be evaluated as
MΓ(γ∗ → ℓ+ℓ−) = α
3
(M2 + 2m2ℓ)
√
1− 4m
2
ℓ
M2
(II.6)
where mℓ is the lepton mass. The expression for the product of two dilepton currents,
summed up over the final states of the ℓ+ℓ− pair, has the form
∑
f
jµjν
∗ =
16πα
3
(M2 + 2m2ℓ)(−gµν +
kµkν
M2
) (II.7)
where α is the fine-structure constant and k is the total momentum of the pair. Factorizing
the n-body invariant phase space,
dΦk(
√
s,m1, ..., mk) = dΦk−1(
√
s,m1, ..., mk−2,M)dM
2Φ2(M,mk−1, mk), (II.8)
which can be proved by inserting the unity decomposition
1 =
∫
d4qdM2δ(q2 −M2)δ4(q − pk−1 − pk) (II.9)
into Eq.(II.4), one obtains from Eqs.(II.3), (II.5), and (II.6) with the help of Eqs.(II.7) and
(II.8) the following expression
dΓ(M→ M′ℓ+ℓ−) = dΓ(M→ M′γ∗)MΓ(γ∗ → ℓ+ℓ−)dM
2
πM4
. (II.10)
The factor dM2/(πM4) has the form of a properly normalized Breit-Wigner distribution for
a zero-mass resonance.
The two-body phase space in Eq.(II.8) has the form
Φ2(
√
s,m1, m2) =
πp∗(
√
s,m1, m2)√
s
(II.11)
where
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p∗(
√
s,m1, m2) =
√
(s− (m1 +m2)2)(s− (m1 −m2)2)
2
√
s
(II.12)
is momentum of the particles 1 and 2 in the c. m. frame.
In the following, we will work with the matrix elements of the processes M→ M′γ∗ and
use Eq.(II.3) to derive results for the decay rates M→ M′γ with real photons and Eq.(II.10)
to get results for decay rates M → M′ℓ+ℓ− with dileptons in the final states. Now, we will
consider the processes which are interesting for the study of dilepton spectra in heavy-ion
collisions.
III. DECAYS OF THE ρ-, ω-, AND φ-MESONS TO ℓ+ℓ− PAIRS
The diagram for the V → ℓ+ℓ− decays with V = ρ, ω, and φ is shown in Fig. 1. In terms
of the vector meson fields, Vµ, the electromagnetic current has the form [29]
jµ = −e
∑
V
m2V
gV
Vµ (III.1)
where mV are the vector meson masses and e = −|e| is the electron charge. The SU(3)
predictions for the coupling constants, gρ : gω : gφ = 1 : 3 :
−3√
2
, are in good agreement with
the ratios between the values gρ = 5.03, gω = 17.1, and gφ = −12.9 extracted from the e+e−
decay widths of the ρ-, ω-, and φ-mesons with the use of the well known expression
Γ(V → ℓ+ℓ−) = 8πα
2
3g2V
(1 + 2
m2ℓ
m2V
)p∗(mV , mℓ, mℓ), (III.2)
with p∗ defined in Eq.(II.12).
IV. MESON DECAYS TO PHOTONS AND ℓ+ℓ− PAIRS
In this Sect., we discuss meson decays P → γℓ+ℓ− (Fig. 2) and S → γℓ+ℓ− (Fig. 3)
for P = π0, η, and η′ and S = f0(980) and a00(980). As we shall see, these decays are the
dominant e+e− modes for π0-, η-mesons, for η′-meson at M & 250 MeV, f0-meson at M
& 500 MeV and in some other cases. The µ+µ− modes are also discussed.
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These decays are related to the experimentally measured two photon decays. The un-
certainties in the estimates originate only from the purely known transition form factors in
the time-like region. The ηγγ∗ transition form factor is in reasonable agreement with the
one-pole VMD model predictions [30]. The experimental errors in the η′ transition form
factor are large [31]. The one-pole VMD approximation for the Pγγ∗ transition form factors
is in agreement with the quark counting rules which predict for these form factors a ∼ 1/t
asymptotics [32].
The nature of the scalar mesons has been a subject of intensive discussions for a long
time. The 4-quark content of the scalar mesons would imply a ∼ 1/t2 asymptotics for the
Sγγ∗ transition form factors. In order to provide the correct asymptotics for the 4-quark
meson transition form factors, the VMD model should be extended to include contributions
from higher vector meson resonances. The ωπγ transition form factor has also ∼ 1/t2
asymptotic behavior [33]. This form factor is measured in the time-like region [30] and the
data show deviations from the naive one-pole approximation. The inclusion of higher vector
meson resonances improves the agreement and provides the correct asymptotics.
The results of a recent measurement of the φ → γf0 branching ratio are interpreted as
evidence for the dominance of a 4-quark MIT bag component in the f0-meson wave function
[34,35]. We thus calculate branching ratios S → γℓ+ℓ− assuming the 4-quark nature of the
scalar mesons and imposing constraints from the quark counting rules to the Sγγ∗ transition
form factors.
A. Decay modes π0 → γe+e−, η → γℓ+ℓ−, and η′ → γℓ+ℓ−
The effective vertex for the P → γγ decays has the form
δLPγγ = fPγγǫτσµν∂σAτ∂νAµP (IV.1)
where P = π0, η, and η′ and Aµ is the photon field. The matrix element for the decay P →
γγ∗ with a virtual photon γ∗ has the form
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M = −ifPγγFPγγ(M2)ǫτσµνkτε∗σ(k)k1µε∗ν(k1) (IV.2)
where k is the virtual photon momentum (k2 = M2), k1 is the real photon momentum
(k21 = 0), and FPγγ(t) is transition form factor Pγγ
∗. The comparison of the P → γℓ+ℓ−
decay width with the decay width of a physical process P → γγ allows to write [30]
dΓ(P → γℓ+ℓ−)
Γ(P → γγ) = 2
(
p∗(
√
s, 0,M)
p∗(
√
s, 0, 0)
)3 ∣∣FPγγ(M2)∣∣2MΓ(γ∗ → ℓ+ℓ−)dM2
πM4
(IV.3)
where
√
s = µP is the pseudoscalar meson mass. The value MΓ(γ
∗ → ℓ+ℓ−) is given by
Eq.(II.6). The factor 2 in Eq.(IV.3) occurs due the identity of photons in the decay P → γγ.
The product of the qubic term and the absolute square of the form factor gives the ratio
between squares of the matrix element (IV.2) at k2 =M2 and k2 = 0, multiplied by the ratio
between the two-particle phase spaces. The quark counting rules [32] imply that the form
factor FPγγ(t) behaves as ∼ 1/t at t→∞. The experimental data are described reasonably
well by the monopole formula
FPγγ(t) =
Λ2P
Λ2P − t
(IV.4)
with ΛP = 0.75 ± 0.03, 0.77 ± 0.04, and 0.81 ± 0.04, respectively, for the π0-, η-, and η′-
mesons [36], which reproduces the correct asymptotics. Such a monopole fit can naturally
be interpreted in terms of the vector meson dominance. The values of the ΛP ’s are close
to the ρ- and ω-meson masses. In a QCD interpolation formula, Ref. [37], the pole masses
are related to the PCAC coupling constants of the pseudoscalar mesons, ΛP = 2πfP . This
expression gives for the pole masses similar numbers.
In the η′ → γe+e− and η′ → γµ+µ− decays, the ρ0 and ω poles occur in the physical
region allowed for the spectrum of the dilepton pairs. The SU(3) symmetry with the η− η′
mixing angle θ = arcsin(−1
3
) = −19.5◦ which is quite close to the experimental value
θexp = −15.5 ± 1.3 (see e.g. [38]) predicts fργη′ = 3fωγη′ = 1√3fωγπ. The experimental
branching ratios Bexp(η′ → γρ0) = (30.2 ± 1.3)% and Bexp(η′ → γω) = (3.02 ± 0.30)%
indicate that the ratio between the ρ0- and ω-meson couplings with the η′-meson equals
10
f 2ργη′/f
2
ωγη′ = 10, in good agreement with the SU(3) predictions. In the timelike resonance
region, the transition form factor (IV.4) should be modified:
Fη′γγ(t) = cρ
m2ρ
m2ρ − t− imρΓρ
+ cω
m2ω
m2ω − t− imωΓω
+ cX
m2X
m2X − t
(IV.5)
(recall that Λη′ ≈ mρ ≈ mω), with the weight coefficients cρ ∼ fργη′/gρ = fρρη′/g2ρ and
cω ∼ fωγη′/gω = fωωη′/g2ω. The SU(3) symmetry predicts fρρη′ = fωωη′ = 12√3fρωπ. The
normalization condition looks like cρ+ cω = 1. The slope is close to 1/Λ
2
η′. From the
relation gρ/gω ≈ 0. 3 one gets cρ/cω ≈ 10.5, the relative sign of the values cρ and cω is
fixed by SU(3) symmetry. The third term in Eq.(IV.5) is introduced for reasons explained
below. We assume for the moment cX = 0. With cρ = 0.9 and cω = 0.1, we obtain
B(η′ → γµ+µ−) = 0.90 × 10−4, in good agreement with the measured value Bexp(η′ →
γµ+µ−) = (1.04 ± 0.26) × 10−4. Data for the η′ → e+e−γ decay are not available. The
coupling constants we used in the calculations are summarized in Table 1.
The product of the branching ratios Bexp(η′ → γρ0)Bexp(ρ0 → µ+µ−) = 1.4 × 10−5 is
almost one order of magnitude smaller than the value Bexp(η′ → γµ+µ−). The magnitude of
the direct ρ0-meson contribution to the η′ → γµ+µ− decay can be estimated from Eq.(IV.3)
with the use of a narrow-width approximation for the transition form factor,
|Fη′γγ(t)|2 ≈ |cρ|2
πm3ρ
Γρ
δ(t−m2ρ), (IV.6)
to give B(η′ → γρ0 → γµ+µ−) ≈ 2 × 10−5. This value is already close to the product
Bexp(η′ → γρ0)Bexp(ρ0 → µ+µ−), but still higher. The relative contributions of the ρ0-
and ω-mesons to the η′ → γe+e− and η′ → γµ+µ− decay rates are inversely proportional
to the vector meson widths, as it follows from Eq.(IV.6). Since the ω-meson width is only
8.5 MeV, its contribution is strongly enhanced. The direct contribution of the ω-meson
to the transition η′ → γµ+µ− equals Bexp(η′ → γω)B(ω → µ+µ−) ≈ 2 × 10−6 where
B(ω → µ+µ−) ≈ Bexp(ω → e+e−) = (7.15 ± 0.19)× 10−5 (the quoted experimental values
are all from Ref. [39]). The use of the narrow-width approximation gives B(η′ → γω →
µ+µ−γ) ≈ Γρ/Γω |cω/cρ|2B(η′ → γρ0 → γµ+µ−) ≈ 4× 10−6. This value is also greater than
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the product Bexp(η′ → γω)B(ω → µ+µ−). It can be interpreted as a noticeable contribution
from the excited vector mesons to the form factor Fη′γγ(t).
In any case, the above estimates demonstrate that the direct ρ0- and ω-meson contribu-
tions to the η′ → γµ+µ− decay are small. Thus, the value B(η′ → γµ+µ−) is determined
mainly by the background, i.e. by those values of M2 which are not near to the ρ0- and
ω-meson poles. Since we are interested in the spectrum of the dilepton pairs, it is impor-
tant, however, to fix the relative weights of the vector meson contributions. A 10 − 20%
decrease of the residues cρ and cω due to the admixture of an excited vector meson X yields
for the measured decays η′ → γµ+µ−, η′ → γρ0, and η′ → γω a consistent interpretation.
With cρ = 0.8, cω = 0.08, and cX = 0.12 we get B(η
′ → γρ0 → γµ+µ−) ≈ 1.5 × 10−5 and
B(η′ → γω → γµ+µ−) ≈ 2 × 10−6, in good agreement with the products of the branching
ratios Bexp(η′ → γρ0)Bexp(ρ0 → µ+µ−) and Bexp(η′ → γω)B(ω → µ+µ−). The mass of
the radially excited vector meson X is not well fixed (see discussion in Sect. 5). We set
mX = 1.2 GeV. Since it is out of the physical region, the width ΓX is set equal to zero.
B. Decay modes f0(980)→ γℓ+ℓ− and a00(980) → γℓ+ℓ−
The isoscalar f0(980)-meson and the isotriplet a0(980)-meson have quantum numbers
IG(JPC) = 0+(0++) and 1−(0++). The f0- and the neutral a0-mesons decay to two photons.
The effective vertex for the S → γγ decay has the form
δLSγγ = fSγγFτµFτµS (IV.7)
where Fτµ = ∂µAτ − ∂τAµ. The matrix element for the process S → γγ∗ is given by
M = −ifSγγFSγγ(M2)(gτσk1λ − gτλk1σ)(gµσkλ − gµλkσ)ε∗τ (k1)ε∗µ(k). (IV.8)
Here, k1 and k are real (k
2
1 = 0) and virtual (k
2 = M2) photon momenta, FSγγ(t) is transition
form factor of the decay S → γγ∗. The square of the matrix element summed up over the
photon polarizations equals 8sp∗2(
√
s, 0,M), with
√
s = mS being the scalar meson mass.
The width of the S → γe+e− decay can be written as follows
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dΓ(S → γℓ+ℓ−)
Γ(S → γγ) = 2
p∗3(
√
s, 0,M)
p∗3(
√
s, 0, 0)
∣∣FSγγ(M2)∣∣2MΓ(γ∗ → ℓ+ℓ−)dM2
πM4
. (IV.9)
The value of Γ(f0 → γγ) is given by PDG [39]. In case of the a0-meson, PDG gives the
quantity Γ(a0 → γγ)Γ(a0 → π0η)/Γtot(a0). Since the mode a0 → π0η is the dominant one,
the two-photon width can also be estimated.
The transition form factor FSγγ(t) depends on the nature of the scalar meson S. The
asymptotics of the form factor according to the quark counting rules [32] is ∼ 1/t for a
2-quark model [40] and ∼ 1/t2 for a 4-quark MIT bag [41] and a KK¯ molecular models of
the f0- and a0-mesons [42]. As pointed out by N. Achasov and Ivanchenko [43], the decay
φ → π0π0γ can provide an important information on the structure of the f0-meson. In
the SND experiment at the VEPP-2M e+e− collider the branching ratio φ → π0π0γ was
measured [34,35]. The decay goes mainly through the φ → γf0 decay mode. The results
are consistent with the hypothesis of a 4-quark MIT bag nature of the f0-meson. We thus
calculate dilepton branching ratios S → γℓ+ℓ− assuming the 4-quark nature of the scalar
mesons.
In the framework of the VMD model, the Sγγ∗ transition form factor can be reproduced
assuming contributions from ground-state and excited vector mesons with masses mi
FSγγ(t) =
∑
i
cim
2
i
m2i − t
. (IV.10)
The normalization FSγγ(0) = 1 and the asymptotic condition FSγγ(t) ∼ 1/t2 at t→∞ give
constraints to the residues ci:
1 =
∑
i
ci, (IV.11)
0 =
∑
i
cim
2
i . (IV.12)
In case of the form factor f0γγ
∗, the OZI rule implies that ωω, ρρ and φφ contributions
are small, while the contributions ωρ, φρ are forbidden by isospin conservation. The relative
weights of the ω- and φ -mesons in the form factor are fixed and thus at least three vector
mesons should be considered to fit the asymptotic behavior:
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Ff0γγ(t) ∼
m2ω
m2ω − t
+
m2φ
m2φ − t
+ cX
m2X
m2X − t
. (IV.13)
The overall normalization factor can be derived from the condition Ff0γγ(0) = 1, the value
cX is fixed from the requirement Ff0γγ(t) ∼ 1/t2 as t → ∞. The third meson mass mX is
not well determined. The resulting form factor is given by
Ff0γγ(t) =
m2ωm
2
φm
2
X(1 + Ct)
(m2ω − t)(m2φ − t)(m2X − t)
(IV.14)
where
C = −m
2
ω(m
2
X −m2ω) +m2φ(m2X −m2φ)
m2ωm
2
φ(2m
2
X −m2ω −m2φ)
. (IV.15)
The transition form factor a00γγ
∗ has the same structure with the replacement ω ↔ ρ.
The virtual photon from the scalar meson decay lies in the physical region of the ω- and
ρ-mesons, so the ω- and ρ-meson propagators should be modified by introducing the finite
meson widths. We use mX = 1.2 GeV. The pole t = m
2
X is outside of the physical region,
so we set ΓX = 0.
V. MESON DECAYS TO ONE MESON AND A ℓ+ℓ− PAIR
The radiative decays V → Pγ and P → V γ are well studied experimentally. The
dilepton modes are measured only for decays ω → π0ℓ+ℓ− and φ→ ηe+e−. We use data on
the radiative decays to fix coupling constants entering the V Pγ vertexes. These values are in
good agreement with the SU(3) symmetry relations. We use the framework of the extended
VMD model and impose constraints to the residues of the transition form factors from the
quark counting rules. The calculation of the dilepton spectra is then a straightforward task.
A. Decay modes ω → π0e+e−, ρ→ πe+e−, and φ→ π0e+e−
The effective vertex for the V → Pγ radiative decay with V = ω, ρ0, and φ and P = π0,
η, and η′ has the form
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δLV γP = −efV γP ǫτσµν∂σVτ∂νAµP. (V.1)
The matrix element for the V → Pγ∗ transition can be written as
M = −iefV γPFV γP (M2)ǫτσµνǫτ (P )Pσε∗µ(k)kν . (V.2)
The diagram for this transition is shown in Fig. 4. The vertex form factor FV γP (t) normal-
ized at t = 0 to unity depends on the square of the photon four-momentum, t = M2. The
width of the decay V → Pγ∗ has the form (see. e.g. [44,45])
Γ(V → Pγ∗) = α
3
f 2V γP
∣∣FV γP (k2)∣∣2 p∗3(√s, µP ,M) (V.3)
where
√
s = mV is the vector meson mass and µP is the pseudoscalar meson mass. The
limit M2 = 0 describes the radiative decay V → Pγ. Using the experimental value of the
ω → π0γ width, one gets fωγπ = 2.3 GeV−1. The decay width V → Pℓ+ℓ− is connected to
the radiative width V → Pγ [46]:
dΓ(V → Pℓ+ℓ−)
Γ(V → Pγ) =
(
p∗(
√
s, µP ,M)
p∗(
√
s, µP , 0)
)3 ∣∣FV γP (M2)∣∣2MΓ(γ∗ → ℓ+ℓ−)dM2
πM4
(V.4)
where MΓ(γ∗ → ℓ+ℓ−) is given by Eq.(II.6). The first factor is the ratio between squares of
the matrix element (V.2) at k2 = M2 and k2 = 0, multiplied by the ratio of the two-particle
phase spaces Φ2(
√
s, µP ,M) and Φ2(
√
s, µP , 0).
The vertex form factor FV γP (t) falls off asymptotically as 1/t
2 [33]. The additional power
1/t as compared to the asymptotics of the pion form factor occurs because of suppression
of the quark spin-flip amplitude due to conservation of the quark helicity in interactions of
quarks with gluons.
The ωγπ transition form factor can be reproduced taking the contribution of the ground-
state ρ-meson and at least one excited ρ-meson into account. The extended VMD model
with mρ = 769 MeV and mρ′ = 1450 MeV provides the correct asymptotics and yields a
better description of the experimental data [47,48] than the one-pole model with only the
ground-state ρ-meson. However, it still underestimates the slope of the form factor at t = 0.
The experimental value F ′ωγπ(0) = 2.4± 0.2 GeV−2 [30] prefers a value mρ′ ≈ 1.2 GeV.
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The possible existence of vector mesons I = 0, 1 with masses around 1.2 GeV was
under discussion for a long time. A quite strong evidence for significant contributions to the
spectral functions of the nucleon form factors at values t lower than 1.45 GeV comes from
the fact that the experimental data for the Sachs form factors are reasonably described by
the dipole formula
GEp(t) ≈ GMp(t)/µp ≈ GMn(t)/µn ≈ 1
(1− t/0.71)2 (V.5)
where t is in units GeV2. This formula has a double pole. The spectral functions are
proportional to
δ′(t− 0.71) ≈ δ(t−m
2
ρ)− δ(t−m2X)
−m2ρ +m2X
.
The double pole in Eq.(V.5) indicates an enhancement in the spectral functions at mX close
tomρ, whose nature is not yet clear as long as the existence of the non-strange vector mesons
at 1.2 GeV is not established. In any case, it is desirable to shift masses of the first excited
non-strange ”vector mesons” to lower values. This has been done in some popular fits of
the nucleon form factors (see e.g. [49]). The more recent fits use, however, higher values of
the vector meson masses [50]. In our calculations, the value mX is assumed to be 1.2 GeV,
as extracted form the slope of the Fωγπ(t) at t = 0.
The multiplicative representation of the transition form factor ωγπ, which in the zero-
width limit is completely equivalent to the additive representation, is given by
Fωγπ(t) =
m2ρm
2
X
(m2ρ − t)(m2X − t)
. (V.6)
The experimental data on the transition form factors are available for the η′γγ∗, ηγγ∗,
and ωπγ∗ transitions. The parametrization (IV.5) for the η′ form factor is in good agreement
with the data from Ref. [30], Fig. 26. For the η-meson form factor (IV.4), our curve coincides
with the VMD curve from Fig. 24, Ref. [30], since the parameter Λ = 0.77 GeV in Eq.(IV.4)
is close to the ρ-meson mass.
The one-pole VMD model is known to be in rather pure agreement with the data on the
ωπγ∗ transition form factor [51]. The two-pole extended VMD model, Eq.(V.6), improves
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the agreement without introducing new parameters. It fits well the experimental points at
t < 0.2 GeV2, but underestimates the last three ones from Ref. [51] below 0.4 GeV2. By
price of introducing a new vector meson, ρ′′, and one fitting parameter, the last three points
can be described better. The modification consists in inserting an additional multiplier
m2ρ′′(1 +Ct)/(m
2
ρ′′ − t) into the right side of Eq.(V.6), with C being a free parameter. This
model again satisfies the quark counting rules. However, it overestimates the form factors
values at t ≈ 0.2 GeV2. For the present calculations, we stay in the framework of the
simplest two-pole VMD model, Eq.(V.6). It is clear, however, that if one needs to calculate
the dilepton production for the DLS and/or future HADES data, the sensitivity of the results
on the ωπγ∗ form factor values must be investigated.
The φ-meson decay width is given by Eq.(V.4). In the φ-meson decay, the emitted photon
has isospin I = 1, so the transition form factor has the same form as for the ω-meson. The
ℓ+ℓ− pairs appear in the physical region of the decay φ → π0ρ0. In order to include the
ρ-meson direct contribution, the form factor (V.6) should be modified by introducing the
finite ρ-meson width. In the cases of the ω → π0e+e−and ρ→ πe+e− decays, vector mesons
appear in the unphysical regions and their widths are not so important.
The direct contribution to the φ → π0ρ0 decay can be estimated with the use of the
narrow-width approximation for the transition form factor in analogy with the decays η′ →
γρ0 → γµ+µ− and η′ → γω → γµ+µ−. The form factor is proportional to square of
the residue cρ (cf. Eq.(IV.6)) which is fixed by Eq.(V.6). The results of the calculations
B(φ→ π0ρ0 → π0e+e−) = 2.3×10−6 are in reasonable agreement with the productBexp(φ→
π0ρ0)Bexp(ρ0 → e+e−) = (1.9± 0.2)× 10−6, and similarly for the µ+µ− decay mode.
In case of the ρ±- and ρ0-meson decays, the effective vertex has the form
δLργπ = −efργπǫτσµν∂σρατ ∂νAµπα
= −efργπǫτσµν(∂σρ0τ∂νAµπ0 + ∂σρ+τ ∂νAµπ− + ∂σρ−τ ∂νAµπ+). (V.7)
The vertex (V.1) for V = ρ0 and P = π0 is a part of the vertex (V.7). Eq.(V.4) remains valid
for V = ρ±, ρ0 and P = π±, π0. The photon emitted in the decay ρ→ πγ∗ is in the isoscalar
17
state, respectively, the transition form factor Fργπ(t) receives contributions from the ω- and
φ-mesons. The effect of the φ-meson is small due to the OZI rule. The small difference
between masses of the ρ- and ω-mesons is beyond the accuracy of the VMD model. Away
from the ρ- and ω-mesons poles Fωγπ(t) ≈ Fργπ(t), whereas Fωγπ(t) = Fφγπ(t) everywhere.
B. Decay modes ω → ηℓ+ℓ−, ρ0 → ηℓ+ℓ−, and φ→ ηℓ+ℓ−
These decays are treated in the same way as the decays discussed above. The effective
vertex for the V → ηγ transitions with V = ω, ρ0, and φ has the form of Eq.(V.1) where
one should put P = η. The decay widths are given by Eq.(V.4) with µP being the η-meson
mass. In the simplest version of the VMD model, the transition form factor FV γη(t) has
the form of Eq.(V.6). For the ω- and φ-meson decays, the form factor is determined by the
ρ-meson mass, while for the ρ0-meson decay it is determined by the ω-meson mass.
C. Decay modes η′ → ωe+e− and η′ → ρ0e+e−
These decays are of the same nature. The effective vertex for the η′ → V γ∗ transitions
with V = ω and ρ0 has the form of Eq. (V.1). The spectrum of the ℓ+ℓ− pair in P → V ℓ+ℓ−
can be obtained from Eq. (V.4) with the replacements P ↔ V and µP ↔ mV . In our case,
V = ω and ρ0, P = η′, the value
√
s = µP stands for the η
′-mesons mass. The transition
form factor Fη′γV (t) has the asymptotics 1/t
2 for t → ∞. It is described within the VMD
model by the vector meson contributions from isovector and isoscalar channels, respectively.
D. Decay mode a1(1260) → πℓ+ℓ−
The axial vector meson a1(1260) has quantum numbers I
G(JPC) = 1−(1++). Its mass is
above the φ(1020)-meson mass, so we do not expect a noticeable effect from the production
and the decay of such a meson at GSI energies. This resonance becomes, however, important
at higher energies (see [24], [52]).
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The a1 → πγ∗ transition is an electric dipole E1 transition. The effective vertex has the
form
δLa1γπ = fa1γπ(∂νaα1µ − ∂µaα1ν)Fµνπα (V.8)
where Fµν is the electromagnetic tensor. The matrix element for the process a1 → πγ∗ can
be written as follows
M = −iefa1γπFa1γπ(M2)ǫτ (P )(gτσPλ − gτλPσ)(gµσkλ − gµλkσ)ε∗µ(k) (V.9)
where P is the momentum of the decaying meson, k is the photon momentum, Fa1γπ(t) is
the transition form factor, Fa1γπ(0) = 1. The square of the matrix element summed up
over photon polarizations and averaged over polarizations of the a1-meson is proportional
to p∗2(
√
s, µ,M) + 3
2
M2 where
√
s = ma1 . The decay width a1 → πℓ+ℓ− takes the form
dΓ(a1 → πℓ+ℓ−)
Γ(a1 → πγ) =
p∗2(
√
s, µ,M) + 3
2
M2
p∗2(
√
s, µ, 0)
p∗(
√
s, µ,M)
p∗(
√
s, µ, 0)
× ∣∣Fa1γπ(M2)∣∣2MΓ(γ∗ → ℓ+ℓ−)dM2πM4 . (V.10)
This expression differs from the analogous expression from Ref. [24], Eq. (6.18), by the extra
term 3
2
M2 in the ratio for squares of the matrix elements. Such a term is needed to ensure
the correct threshold behavior of the s-wave a1 → πγ∗ decay.
VI. MESON DECAYS TO TWO MESONS AND ℓ+ℓ− PAIR
The four-body meson decays proceed either through a two-step mechanism similar to
that discussed a long time ago by Gell-Mann, Sharp and Wagner [53] in connection to
the ω → π+π−π0 decay or through a bremsstrahlung mechanism when a virtual photon
is emitted form an external meson line. In the first case, the matrix element is a smooth
function of the photon mass. At smallM such that 2me . M , the differential widths behave
like 1/M , according to Eq.(II.10). In the second case, the matrix element is singular at small
M , as a result of which the differential width increases faster than 1/M .
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In this Sect., we derive analytical expressions for the double differential widths
d2Γ/ds12dM of the η → π+π−ℓ+ℓ−, η′ → π+π−ℓ+ℓ−, ρ0 → π+π−ℓ+ℓ−, ρ± → π±π0ℓ+ℓ−,
f0 → π+π−ℓ+ℓ−, and a±0 → π±ηℓ+ℓ− decays, with s12 being the invariant mass of two
outgoing mesons. The widths of the other decays are calculated numerically.
The experimental data are available for the η → π+π−e+e− decay only, with large errors
[54]. Nevertheless, the dilepton widths can be predicted using the conventional assumptions
on a two-step decay mechanism and/or a bremsstrahlung decay mechanism.
A. Decay modes η → π+π−ℓ+ℓ− and η′ → π+π−ℓ+ℓ−
The diagram contributing to the decay η → π+π−γ∗ is shown in Fig. 5. The ρ0γη vertex
is given by Eq.(V.1). The vertex for the ρ→ ππ decay has the form
δLρππ = 1
2
fρππǫαβγρ
α
µ(π
β
↔
∂µ π
γ)
= fρππ(ρ
0
µπ
+i
↔
∂µ π
− + ρ+µ π
−i
↔
∂µ π
0 + ρ−µπ
0i
↔
∂µ π
+) (VI.1)
where α, β, and γ are isotopic indices of the ρ- and π-mesons. The coupling constant
fρππ = 6.0 is determined from the ρ-meson width
Γ(ρ0 → π+π−) = 1
6πs
f 2ρππp
∗3(
√
s, µ, µ) (VI.2)
where
√
s = mρ is the ρ-meson mass. The value fρππ is in good agreement with the relation
fρππ/gρ = 1 which follows from the ρ
0-meson dominance in the pion form factor. In the
FFGS model [55] the t-dependence of the pion form factor Fπ(t) is attributed to the ρ-
meson propagator. It means that the constant fρππ does not depend on the value t when
the two pions are on the mass shell.
The radiative decay η → π+π−γ has been measured in Ref. [56]. The η′ → π+π−γ decay
is studied experimentally much better (see [57]- [59] and references therein). The last decay
is more complicated, since two pions occur in the physical region of the ρ-meson. It was
shown that an attempt to fit the experimental data within the framework of the cascade
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model η′ → ρ0γ → π+π−γ results in overestimating the events with a ππ invariant mass
below the ρ-meson mass. In Ref. [59], a nonresonant contribution is added to the amplitude
and its parameters are fixed by fitting the experimental data. One of the modifications
considered for the ρ-meson propagator is the following one
(s12 −m2ρ + imρΓρ)−1 → (s12 −m2ρ + imρΓρ)−1 + Cρ (VI.3)
with a complex value of Cρ.
It was proposed that the existence of a non-resonant term is connected to the chiral box
anomaly [60]. The anomaly results to a modification of the ρ-meson propagator similar to
that of Eq.(VI.3) with Cρ = 1/(3m
2
ρ). The positive sign of the term added guarantees a
reduction of the number of events on the left hand side of the ρ-meson peak. The contact
term describes a production of two mesons in the relative p-wave where a strong resonant
pion-pion interaction due to existence of the ρ-meson is present. The final state interaction
can be taken into account by dividing the bare vertex by the Jost function determined by
the π-meson p-wave phase shift. In this way, the ρ-meson propagator reoccurs, and so we
get from the contact term the same old ρ-meson pole term of the earlier models. The net
effect of the box anomaly is a redefinition of the coupling constant for those models which
include only the single diagram of Fig. 5.
We keep the constant term Cρ in the form suggested by Ref. [60] and interpret it purely
phenomenologically as a modification of the ρ-meson propagator needed to describe the
distribution of the two-pion events in the η′ → π+π−γ decay. The contact term Cρ for the
η-meson is assumed to be of the same magnitude as for the η′-meson.
The matrix element of the η → π+π−γ∗ decay has the form
M = −iefρππfργηMµε∗µ(k) (VI.4)
where
Mµ = ǫτσµν(p1 − p2)τ (p1 + p2)σkν( 1
s12 −m2ρ + imρΓρ
+ Cρ). (VI.5)
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Here, p1 and p2 are the pion momenta, s12 = (p1 + p2)
2, k is the photon momentum,
and mρ and Γρ are the ρ-meson mass and width. Energy-momentum conservation implies
P = p1+p2+k. After summation of the squared matrix element over the photon polarizations
and averaging over the direction of the two pion momenta their in c. m., we get
R ≡
∫
dΩ12
4π
MµMν∗(−gµν)
=
8
3
sp∗2(
√
s,
√
s12,M)p
∗2(
√
s12, µ, µ)
∣∣∣∣ 1s12 −m2ρ + imρΓρ + Cρ
∣∣∣∣
2
(VI.6)
with dΩ12 = 2π sin θdθ, and θ being the angle between the momenta p1 and k in the c. m.
frame of two pions.
The decay width η → π+π−γ∗ becomes
Γ(η → π+π−γ∗) = α
16π2s
f 2ρππf
2
ργη
∣∣Fργη(M2)∣∣2
×
∫ (√s−M)2
4µ2
R p
∗(
√
s,
√
s12,M)p
∗(
√
s12, µ, µ)√
s12
ds12 (VI.7)
We neglect thereby for the ρ-meson off-shellness in the form factor Fργη(t). The value
fργη = 1.86 GeV
−1 (=
√
2
3
fωγπ due to SU(3) symmetry) is extracted from the ρ
0 → ηγ
width with the use of Eq.(V.3).
The dilepton spectrum in the decay η → π+π−e+e− is described by expression
dΓ(η → π+π−ℓ+ℓ−) = Γ(η → π+π−γ∗)MΓ(γ∗ → ℓ+ℓ−)dM
2
πM4
. (VI.8)
The model for the decay η′ → π+π−γ∗ is a direct extension of the model for the η-
meson decay. The coupling constant fργη′ = 1.3 GeV
−1 (= 1√
3
fωγπ due to SU(3) symmetry)
can be extracted from the radiative η′-meson decay width. The two-step decay η(η′) →
ρ±π∓ → π+π−γ∗ is forbidden by C-parity conservation. Constructing the dilepton spectra,
one should not take into account e.g. channels η′ → π+π−γ∗ and η′ → ρ0γ∗ simultaneously.
The second one is already contained in the first one.
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B. Decay mode ρ0 → π+π−ℓ+ℓ−
The diagrams contributing to the decay ρ0 → π+π−γ∗ are depicted in Fig. 6. The first
two diagrams describe the photon bremsstrahlung. The third contact diagram is added to
restore the gauge invariance.
The vertex ρππ is given by Eq.(VI.1). The matrix element of the process ρ0 → π+π−γ∗
has the form
M = iefρππFπ(M2)ǫτ (P )Mτµε∗µ(k) (VI.9)
where
Mτµ = (2Q1 − P )τ (2Q1 − k)µ
Q21 − µ2
+ (2Q2 − P )τ (2Q2 − k)µ
Q22 − µ2
− 2gτµ. (VI.10)
Here, Q1 = p1 + k, Q2 = p2 + k, p1 and p2 are the π
+ and π− momenta, µ is the pion mass,
and Fπ(t) is the pion electromagnetic form factor. The tensor part of the matrix element,
Mτµ, is transverse with respect to the photon momentum, k, and the ρ-meson momentum,
P :
Mτµkµ = 0, (VI.11)
MτµPτ = 0. (VI.12)
The role of the last equation is the elimination of the coupling of the spurious spin-zero
component of the ρ-meson wave function from the physical sector. Gauge invariance requires
that the form factor entering the third diagram be equal to the pion form factor.
The square of the matrix element summed up over the photon polarizations, averaged
over the initial ρ-meson polarizations and over directions of the pion momenta in the c. m.
frame of the two pions, has a compact form
R ≡
∫
dΩ12
4π
MτµM∗σν
1
3
(−gτσ + PτPσ
s
)(−gµν)
=
2
3B2π
(
4B2π + (M
2 − 4µ2)(s− 4µ2)F (ξ)
+ ((s− 4µ2)(M2 − 4µ2 + 2s12) + 2s12M2)L(ξ)
)
(VI.13)
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where s = P 2 = m2ρ and s12 = (p1 + p2)
2. We have also
F (ξ) =
1
1− ξ2 , (VI.14)
L(ξ) =
1
2ξ
ln(
1 + ξ
1− ξ ) (VI.15)
and
ξ =
2
Bπ
√
s
s12
p∗(
√
s12, µ, µ)p
∗(
√
s,
√
s12,M), (VI.16)
Bπ =
1
2
(s+M2 − s12). (VI.17)
The decay width Γ(ρ0 → π+π−γ∗) is given by
Γ(ρ0 → π+π−γ∗) = α
16π2s
f 2ρππ
∣∣Fπ(M2)∣∣2
×
∫ (√s−M)2
4µ2
R p
∗(
√
s,
√
s12,M)p
∗(
√
s12, µ, µ)√
s12
ds12. (VI.18)
The integral over the s12 runs from 4µ
2 to (
√
s −M)2. In the case of real photon emission
(M2 = 0), we reproduce the corresponding expression from Ref. [62]. The pion form factor
can be taken as
Fπ(t) =
m2ρ
m2ρ − t− imρΓρ
. (VI.19)
The dilepton spectrum can be obtained with the use of Eq.(II.10) as
dΓ(ρ0 → π+π−ℓ+ℓ−) = Γ(ρ0 → π+π−γ∗)MΓ(γ∗ → ℓ+ℓ−)dM
2
πM4
. (VI.20)
The square of the matrix element at small invariant masses 2me . M and small momenta
of the virtual photon is proportional to 1/ω∗2 where ω∗ = Bπ/
√
s is the photon energy in
the c. m. frame of the decaying meson. The contribution of the region s12 . (
√
s−M)2 to
the integral over the s12 is of the order log
3(1/M), and so dB/dM ∼ log3(1/M)/M . This is
a general feature of the bremsstrahlung mechanism. The square of the matrix element in a
two-step decay contains no a large parameter. In such a case, dB/dM ∼ 1/M .
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C. Decay modes ρ0 → π0π0ℓ+ℓ−, ω → π0π0ℓ+ℓ−, and ω → π+π−ℓ+ℓ−
The diagram contributing to the decay ρ0 → π0π0γ∗ is shown in Fig. 7. The vertex ρωπ
has the form
δLρωπ = fρωπǫτσµν∂σωτ∂νραµπα
= fρωπǫτσµν(∂σωτ∂νρ
0
µπ
0 + ∂σωτ∂νρ
+
µπ
− + ∂σωτ∂νρ
−
µ π
+). (VI.21)
The coupling constant fρωπ ≈ 16 GeV−1 was determined by Gell-Mann, Sharp and
Wagner [53] from the ω → π+π−π0 decay assuming a two-step mechanism ω → ρπ →
π+π−π0.
In Refs. [45] a direct contact term ω → π+π−π0 originating from the chiral anomaly is
taken into account. The analysis of the ω → π+π−π0 and φ → ρπ, π+π−π0 decays with
inclusion of the contact vertex gives a value fρωπ ≈ 12 GeV−1. In the contact vertex, one can
always select a pion pair with quantum numbers of the ρ-meson. The final-state interaction
between these pions, as usually, can be taken into account dividing the bare vertex by the Jost
function determined from the isovector p-wave ππ-scattering phase shift. In the two-pion
channels with the ρ-meson quantum numbers, the ordinary ρ-meson propagator therefore
occurs, as a result of which the contact vertex reduces to the ordinary pole diagrams of the
same old two-step mechanism.
The coupling constant fρωπ can be extracted from the decays ρ→ πγ and ω → πγ. The
one-pole VMD approximation for the transition form factors gives fρωπ = fργπgω ≈ 12.6
GeV−1 and fρωπ = fωγπgρ ≈ 11.7 GeV−1, respectively. In the two-pole VMD model which
provides the transition form factors with the correct asymptotics these numbers should be
multiplied by a factor m2X/(m
2
X−m2ρ). For mX = 1.2 GeV, one gets, respectively, fρωπ ≈ 21
GeV−1 and fρωπ ≈ 20 GeV−1. The QCD sum rules [63] give fρωπ ≈ 16 GeV−1. In Ref. [64],
the value fρωπ ≈ 14 GeV−1 is used.
We consider contributions to the strong part of the decay amplitudes from the ground-
state vector mesons only. The two-step mechanism of the ω → π+π−π0 decay with a
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ground-state ρ-meson in the intermediate state is essentially identical to the mechanism of
the decays discussed in this subsection. In our calculations, we use fρωπ = 16 GeV
−1.
The vertex ωγπ is defined by Eq.(V.1). The matrix element of the decay ρ0 → π0π0γ∗
has the form
M = −iefρωπfωγπFωγπ(M2)ǫτ (P )Mτµε∗µ(k) (VI.22)
with
Mτµ = ǫτσρλPσQ1λǫρκµνQ1κkν 1
Q21 −m2ω
+ ǫτσρλPσQ2λǫρκµνQ2κkν
1
Q22 −m2ω
(VI.23)
where Q1 = p1 + k and Q2 = p2 + k.
The square of the matrix element
R ≡
∫
dΩ12
4π
MτµMσν∗1
3
(−gτσ + PτPσ
s
)(−gµν), (VI.24)
is averaged numerically over the directions of the photon momentum k in the c. m. frame
of the pion 1 and the photon.
The decay widths can be written as
Γ(ρ0 → π0π0γ∗) = 1
32π2s
f 2ρωπf
2
ωγπ
∣∣Fωγπ(M2)∣∣2
×
∫ (√s−µ)2
(µ+M)2
R p
∗(
√
s,
√
s12,M)p
∗(
√
s12, µ, µ)√
s12
ds12. (VI.25)
The integral over the s12 runs from (µ + M)
2 to (
√
s − µ)2. The additional factor 2 in
the denominator occurs due to identity of two pions. The dilepton spectrum in the decay
ρ0 → π0π0ℓ+ℓ− can be constructed with the use of Eq.(II.10):
dΓ(ρ0 → π0π0ℓ+ℓ−) = Γ(ρ0 → π0π0γ∗)MΓ(γ∗ → ℓ+ℓ−)dM
2
πM4
. (VI.26)
The ω → π0π0γ∗ decay is analogous to the ρ0 → π0π0γ∗ decay. The corresponding
diagrams are shown in Fig. 8. The matrix element has the form of Eqs.(VI.22) and (VI.23)
with interchanged V γP coupling constants, fωγπ ↔ fργπ, and vector meson masses, mω ↔
mρ.
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The diagrams contributing to the ω → π+π−γ∗ decay are shown in Fig. 9. The first
two diagrams (a) and (b) correspond to the common two-step mechanism. The last three
diagrams occur due to the ωρ mixing and correspond to the bremsstrahlung. The diagram
(e) restores the gauge invariance of the amplitude. The bremsstrahlung dominates at small
values of the e−e+ invariant mass. The vertices ωρπ and ργπ entering into the matrix
element of the ω → π+π−γ∗ decay have the form of Eqs.(VI.21) and (V.7).
The first two diagrams and the last three diagrams from Fig. 9 are separately gauge
invariant. These two classes of diagrams contrary to the statement of Ref. [61] interfere:
Two pions in the two-step part of the amplitude are in an isosinglet state. Due to the
VMD, the photon in the diagrams (c) and (d) is emitted from the ρ0-meson. It is equivalent
to introducing the pion form factor into the ππγ vertex. The outgoing pion and the ρ-
meson with a common vertex form an isotriplet which, in turn, forms a new isotriplet
with the second outgoing pion. The isospin wave function of the final state looks like
[~π × [~π × ~ρ]] = ~π(~π · ~ρ)− ~ρ(~π · ~π). The first term corresponds to two neutral pions and can
be dropped, while the second term describes two charged pions in an isoscalar state. Two
pions in an isoscalar state from the diagrams (a) and (b) and a photon interfere with two
pions in an isoscalar state from diagrams (c) and (d) and a photon. The final states are
identical.
The interference pattern depends on the production dynamics. The physical ω-meson
wave function has the form |ω >= |ω0 > +ε|ρ0 > where |ω0 > and |ρ0 > are pure isospin
I = 0 and 1 states and ε is a complex ωρ mixing parameter. The total matrix element is
given by M =M[p] + εM[b]. The value M[p] is the same as in Eq.(VI.22). The value M[b]
is given by Eq.(VI.9). The ω → π+π−γ∗ decay width represents a sum of three terms
Γ(ω → π+π−γ∗) = Γ[p](ω → π+π−γ∗) + Γ[b](ω → π+π−γ∗) + Γ[pb](ω → π+π−γ∗) (VI.27)
originating from the vector-meson pole diagrams [p], the bremsstrahlung diagrams [b], and
from their interference [pb]. It was pointed out in Ref. [62] that Γ[p](ω → π+π−γ∗) =
2Γ(ω → π0π0γ∗). The bremsstrahlung contribution to the ω → π+π−γ∗ decay equals
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Γ[b](ω → π+π−γ∗) = |ε|2Γ[b](ρ0 → π+π−γ∗), with |ε| = (Γ(ω → π+π−)/Γ(ρ0 → π+π−))1/2 =
3.4× 10−2 being the ρ0-meson admixture, as determined from the ω → π+π− decay.
The interference term
R[pb] ≡ 2
∫
dΩ12
4π
M[p]τµMσν [b]∗
1
3
(−gτσ + PτPσ
s
)(−gµν) (VI.28)
can be found to be
R[pb] = 8
3
sp∗2(
√
s12, µ, µ)p
∗2(
√
s,
√
s12,M)
× 1
BπBρ(ξ + ζρ)
[ξL(ξ) + ζρL(ζρ) + (1− L(ξ))/ξ + (1− L(ζρ))/ζρ] (VI.29)
where Bρ = Bπ + µ
2 −m2ρ and ζρ = Bπξ/Bρ. The value Bπ is defined by Eq.(VI.17). The
interference contribution to the width is given by
Γ[pb](ω → π+π−γ∗) = 1
16π2s
Re{(iefρππFπ(M2))∗(−ieεfρωπfωγπFωγπ(M2))}
×
∫ (√s−µ)2
(µ+M)2
R[pb] p
∗(
√
s,
√
s12,M)p
∗(
√
s12, µ, µ)√
s12
ds12. (VI.30)
The couplings fρωπ and fρππ are determined up a sign. However, the relations fωγπ ≈ fρωπ/gρ
and fρππ/gρ ≈ 1 allow to fix the sign of the interference term. The phase ϕ of the mixing
parameter ε is a sum of phases ϕprod and ϕdecay originating, respectively, from production
and ππ decay of the ω-meson. The last one is close to π/2 (see e.g. Ref. [65]). We set the
value ϕprod equal to zero. Since the product Fπ(M
2)∗Fωγπ(M2) is approximately real below
1 GeV, the interference can then be neglected.
The dilepton spectra of the ω → π+π−ℓ+ℓ− decays can be obtained as usually from
Eq.(II.10).
D. Decay modes ρ→ ηπe+e−and ω → ηπ0e+e−
These decays also proceed through the two-step mechanism. The diagrams are shown in
Figs. 10 and 11. The matrix element of the decay ρ→ ηπγ∗ is given by
M = efρωπfωγηǫτ (P )Mτµε∗µ(k) (VI.31)
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with
Mτµ = ǫτσρλPσQ1λǫρκµνQ1κkν 1
Q21 −m2ω
+ ǫτσρλPσQ2λǫρκµνQ2κkν
1
Q22 −m2ρ
(VI.32)
where Q1 = p1+k, Q2 = p2+k, p1 is the pion momentum, and p2 is the η-meson momentum.
We take the SU(3) symmetry relation fρωπfωγη = 2fρρηfργπ into account.
The average of the squared matrix element,
R ≡
∫
dΩ12
4π
MτµMσν∗1
3
(−gτσ + PτPσ
s
)(−gµν), (VI.33)
is calculated numerically. The integration over the directions of the momenta of the two
mesons is performed in the c. m. frame of π and η. The decay widths can be written as
Γ(ρ→ ηπγ∗) = α
16π2s
f 2ρωπf
2
ωγη
∣∣Fωγη(M2)∣∣2
×
∫ (√s−M)2
(µ+µ′)2
R p
∗(
√
s,
√
s12,M) p
∗(
√
s12, µ, µ
′)√
s12
ds12. (VI.34)
where µ′ is the η-meson mass. In the form factor Fωγη(t), the shift of the ω-meson from the
mass shell is neglected. The dilepton spectrum in the decays ρ→ ηπe+e− can be constructed
with the use of Eq.(II.10).
The ω → ηπ0γ∗ decay is depicted in Fig. 11. The matrix element has the form of
Eq.(VI.31), its tensor part once the SU(3) symmetry relation fρωπfργη = 2fωωηfωγπ is taken
into account has the form of Eq.(VI.32), and the ω → ηπ0γ∗ decay width is given by
Eq.(VI.33), with the apparent substitutions fργη ↔ fωγη and mω ↔ mρ. The dilepton
spectrum can then be constructed, as usually, using Eq.(II.10).
E. Decay mode ρ+ → π+π0ℓ+ℓ−
This decay is depicted in Fig. 12. The first three diagrams describe the dilepton
bremsstrahlung. The last diagram corresponds to the two-step mechanism of the dilep-
ton emission. These two sets of diagrams, each of them is the gauge invariant, interfere and
we calculate the interference without further approximations.
29
The photon emitted from the ρ+-meson line interacts with the electromagnetic current
jµ(p
′, p) =
1
2mρ
ǫ∗σ(p
′) [−(p′ + p)µgτσ + λ(qτgσµ − qσgτµ)] ǫτ (p) (VI.35)
where q = p′ − p, ǫτ (p) is the ρ-meson polarization vector. The value of λ is connected to
the ρ+ magnetic moment. Let’s fix first the value of λ.
The magnetic moment of a particle can be calculated from expression
µ =
∫
dx
1
2
[x× j]. (VI.36)
The wave function of a vector particle in its rest frame where p = (m, 0) has the form
ǫτ (p) = (0, e). Substituting this expression into Eq.(VI.35) and Eq.(VI.35) in turn into
Eq.(VI.36), we obtain
µ =
λ
2mρ
e∗γseγ . (VI.37)
where s is the spin operator acting on the space-like part of the ρ-meson wave functions
according to the rule sαeβ = −iǫαβγeγ (α, β, γ = 1, 2, 3). In the non-relativistic quark
model, the ρ+ magnetic moment is the difference of the magnetic moments of the u- and
d-quarks: µρ+ = µu − µd. The proton and neutron magnetic moments are given by the well
known expressions
µp =
4µu − µd
3
, (VI.38)
µn =
4µd − µn
3
, (VI.39)
and thus one can write
λ
2mρ
= µu − µd = 3
5
(µp − µn). (VI.40)
One gets λ = 2. 3. The additive quark model predictions are valid with an accuracy of
10−30%. The one-gluon and one-pion exchange currents and the anomalous quark moments
connected to the violation of the OZI rule, are shown to be important in order to explain
the deviations of the naive SU(3) predictions from the experimental data [66,67].
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The diagram (a) in Fig. 12 contains the pion form factor Fπ(t). A part of the second
diagram (b) connected to the ρ-meson convection current contains a ρ-meson form factor
F1ρ(t) which decreases as ∼ 1/t2 at t→∞. The second part of the same diagram connected
to the spin current contains a different the ρ-meson form factor F2ρ(t) which decreases also
like ∼ 1/t2 at t→∞ [33]. It is not clear what kind of the propagator should enter into the
diagram (c). The gauge invariance requires, within the framework of the considered model,
that the two form factors F1ρ(t) and Fπ(t) should be equal. This is, however, a shortcoming
of the model. It can be overcome on the basis of a more complete theory. The second part
of the diagram (b) is gauge invariant. The form factor F2ρ(t) is therefore not subjected to
additional constraints. The dilepton invariant masses in the ρ+ → π+π0ℓ+ℓ− decay are not
very large, so the distinction between these three form factors does not exceed a 20% effect.
We set the form factor F1ρ(t) and the form factor entering the diagram (c) both equal to the
pion form factor. The sum of the diagrams (a) - (c) is then gauge invariant. The form factor
F2ρ(t) coincides with the transition form factor Fωγπ(t) in the framework of the extended
VMD model.
The matrix element of the ρ+ → π+π0γ∗ decay is given then by
M = iefρππFπ(M2)ǫτ (P )Mτµε∗µ(k) (VI.41)
Its tensor part consists of the 5 pieces:
Mτµ =
5∑
i=1
Miτµ (VI.42)
where
M1τµ =
(p1 − p2)τ (2P − k)µ
(P − k)2 −m2ρ
, (VI.43)
M2τµ = λ
−k · (p1 − p2)gτµ + kτ (p1 − p2)µ
(P − k)2 −m2ρ
, (VI.44)
M3τµ =
(p1 − p2 + k)τ (2p1 + k)µ
(p1 + k)2 − µ2 , (VI.45)
M4τµ = −gτµ, (VI.46)
M5τµ = γ
ǫτσρλPσ(p2 + k)λǫρκµν(p2 + k)κkν
(p2 + k)2 −m2ω
, (VI.47)
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with
γ =
fρωπfωγπ
fρππ
Fωγπ(M
2)
Fπ(M2)
≈ f
2
ρωπ
f 2ρππ
Fωγπ(M
2)
Fπ(M2)
. (VI.48)
The coupling constants fρωπ, fωγπ, and fρππ are determined earlier (see Table 1). We used
in Eq.(VI.48) the relations fωγπ ≈ fρωπ/gρ and fρππ/gρ ≈ 1. It is seen that, while signs of
the couplings fρππ and fρωπ are a matter of convention, the value γ is positive and thus the
sign of the interference term is fixed.
The first two terms, (VI.43) and (VI.44), originate from the diagram (b) of Fig. 12. The
third term (VI.45) originates from the diagram (a), the fourth term comes from the diagram
(c), and the last term originates from the diagram (d). The second and the last terms
and the sum of the rest are transverse with respect to the photon momentum: M2τµkµ = 0,
M5τµkµ = 0,
∑
i=1,3,4Miτµkµ = 0. The matrix element,Mτµ, is not transverse, however, with
respect to the ρ-meson momentum, MτµPτ 6= 0. A complete theory should yield a matrix
element which is transverse with respect to both, the photon and the ρ-meson momenta.
This is not the case in our effective theory. In the following, we work exclusively with the
transverse part of the matrix element which is responsible for decays of the physical states,
and ignore the longitudinal part responsible for a decay of a spurious spin-zero component
of the ρ-meson. This is achieved by contraction of the square of the matrix element with
the polarization tensor
Στσ(P ) = −gτσ + PτPσ
s
(VI.49)
of the massive vector particle, as we did e.g. in Eq.(VI.24). The difference is, however, that
the term PτPσ/s in Eq.(VI.24) can be dropped before calculations. In the case considered
in this subsection the term PτPσ/s cannot be dropped.
The square of the matrix element averaged over the initial polarizations of the ρ-meson
and summed up over the photon polarizations has the form
R ≡
∑
f
|M|2 =
5∑
i,j=1
Rij (VI.50)
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where
Rij =MiτµMj∗σν
1
3
(−gτσ + PτPσ
s
)(−gµν). (VI.51)
Let’s now consider separately the different interference terms.
We perform an additional averaging of the terms Rij with i, j = 1 ÷ 4 and i = 1 ÷ 3
and j = 5 over directions of the pion momentum p1 in the c. m. frame of two pions. The
remaining terms R45 and R55 are averaged over the directions of the pion momentum p2
in the c. m. frame of the pion π0 and the photon. The decay rate will finally be given
as a sum of the two integrals over the variables s12 = (p1 + p2)
2 and s13 = (p2 + k)
2. The
straightforward calculations give
R11 = −4
9
2s12 + 2s−M2
(s12 − s)2 p
∗2(
√
s12, µ, µ)(3 +
p∗2(
√
s,
√
s12,M)
s12
),
R22 = 4
9
λ2
(s12 − s)2p
∗2(
√
s12, µ, µ)
[
p∗2(
√
s,
√
s12,M)− 3M2 + 1
4s12
(s−M2 − s12)2
+
1
4ss12
(s+M2 − s12)(s+ s12 −M2)(s−M2 − s12)
]
,
R33 = − 1
3B2π
[
−1
s
B2π(3s+ s12 − 4µ2)
−(s− 4µ2)(M2 − 4µ2)F (ξ) + 2Bπ(s+M2 − 8µ2)L(ξ)
]
,
R44 = 1,
R55 = 4
9
γ2
(s23 −m2ω)2
ss23p
∗2(
√
s,
√
s23, µ)p
∗2(
√
s23, µ,M), (VI.52)
R12 +R21 = 8
9
λ
(s12 − s)2
s+ s12 −M2
s12
p∗2(
√
s12, µ, µ)p
∗2(
√
s,
√
s12,M),
R13 +R31 = −2
3
1
(s12 − s)Bπ
[
(−4µ2 +M2 − s)Bπ + 1
3s
B3πξ
2+
1
2
(s+ s12 −M2)(s+ s12 +M2 − 8µ2)L(ξ)
]
,
R14 +R41 = 0,
R15 +R51 = 4γ
3
sp∗2(
√
s12, µ, µ)p
∗2(
√
s,
√
s12,M)
(s12 − s)Bω
1 + (ζ2 − 1)L(ζ)
ζ2
,
R23 +R32 = −2
3
λ
(s12 − s)Bπ
[
Bπ
12ss12
((4µ2 − s12)M4
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+(−8µ2s− 10ss12 − 4s212 + 16µ2s12)M2 + (4µ2 − s12)(s− s12)(s+ 5s12))
+
1
2
M2(s12 +M
2 + s− 8µ2)L(ξ)
]
,
R24 +R42 = 0,
R25 +R52 = 2
3
λγ
(s12 − s)Bω
[
1
2
B3ω(
1
3
ζ2 + 1− L(ζ)) + 1
2
s12B
2
ω(−1 + L(ζ))
+Bω(−1
2
sp∗2(
√
s,
√
s12,M) + (s+M
2 − s12)p∗2(√s12, µ, µ))(1− L(ζ))
+sp∗2(
√
s,
√
s12,M)p
∗2(
√
s12, µ, µ)
1 + (ζ2 − 1)L(ζ)
ζ2
]
,
R34 +R43 = 2
3
1
Bπ
[
(−4µ2 + s12)L(ξ) +Bπ(−1 + L(ξ))
]
,
R35 +R53 = 8
3
γ
BπBω
1
ξ + ζ
[
(−1
4
s12 + µ
2)(s12M
2 − 1
4
(s−M2 − s12)2)(ξL(ξ) + ζL(ζ))
−1
4
s12ξBπ
2(−1 + L(ξ) + ξ
ζ
(−1 + L(ζ)))
]
,
R45 +R54 = 0. (VI.53)
where Bω = Bπ + µ
2 −m2ω and ζ = Bπξ/Bω.
The decay width ρ+ → π+π0γ∗ is given by expression
Γ(ρ+ → π+π0γ∗) = α
16π2s
f 2ρππ
∣∣Fπ(M2)∣∣2
×
[∫ (√s−M)2
4µ2
(
4∑
i=1
4∑
j=1
+2
3∑
i=1
5∑
j=5
)Rij p
∗(
√
s,
√
s12,M)p
∗(
√
s12, µ, µ)√
s12
ds12
+
∫ (√s−µ)2
(µ+M)2
R55 p
∗(
√
s,
√
s23,M)p
∗(
√
s23, µ,M)√
s23
ds23
]
. (VI.54)
The dilepton spectrum in the ρ+ → π+π0ℓ+ℓ− decay can be calculated from equation
dΓ(ρ+ → π+π0ℓ+ℓ−) = Γ(ρ+ → π+π0γ∗)MΓ(γ∗ → ℓ+ℓ−)dM
2
πM4
. (VI.55)
The decay ρ− → π−π0ℓ+ℓ− is completely equivalent to the ρ+-meson decay.
F. Decay mode f0(980) → π+π−ℓ+ℓ−
The dominant decay mode of the f0(980)-meson is f0 → ππ. The effective vertex for this
decay looks like
34
δL = gf0ππf0παπα. (VI.56)
The f0 → π+π− decay width has the form
Γ(f0 → π+π−) = 1
8πs
g2f0ππp
∗(
√
s, µ, µ), (VI.57)
with
√
s = mf0 . The experimental width Γ
tot(f0 → ππ) = 32Γ(f0 → π+π−) = 3Γ(f0 → π0π0)
lies within the interval 50 − 100 MeV [39]. The coupling constant can be found to be
gf0ππ = 1.6 GeV± 30%.
The diagrams for the f0 → π+π−γ∗ decay are shown on Fig. 13. The matrix element
has the form
M = −iegfππMµε∗µ(k) (VI.58)
with
Mµ = (2p1 + k)µ
(p1 + k)2 − µ2 −
(2p2 + k)µ
(p2 + k)2 − µ2 . (VI.59)
The tensor Mµ is transverse with respect to the photon momentum. The square of the
matrix element summed up over the photon polarizations and averaged over the directions
of the pion momentum in the c. m. frame of two pions has the form
R ≡
∫
dΩ12
4π
MµM∗ν(−gµν)
=
2
B2π
[
(M2 − 4µ2)F (ξ) + (2s12 − 4µ2 −M2)L(ξ)
]
, (VI.60)
where s12 = (p1+p2)
2. The functions F (ξ) and L(ξ) are defined in Eqs. (VI.14) and (VI.15)
in terms of the parameter ξ which, in turn, is defined in Eq. (VI.16). The decay width
becomes
Γ(f0 → π+π−γ∗) = α
16π2s
g2f0ππ
∣∣Fπ(M2)∣∣2
×
∫ (√s−M)2
4µ2
R p
∗(
√
s,
√
s12,M)p
∗(
√
s12, µ, µ)√
s12
ds12. (VI.61)
The dilepton spectrum can be obtained with the use of Eq.(II.10).
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G. Decay mode a0(980)→ πηℓ+ℓ−
The dominant decay mode of the a0(980)-meson is a0 → πη. The effective vertex for this
decay looks like
δL = ga0πηaα0παη. (VI.62)
The a0 → πη decay width has the form
Γ(a0 → πη) = 1
8πs
g2a0πηp
∗(
√
s, µ, µ′) (VI.63)
where µ and µ′ are the pion and the η-meson masses. The experimental width Γ(a0 → πη)
lies within the interval 50− 100 MeV. The value of the coupling constant ga0πη determined
from the width is given in Table 1.
Since the η-meson is neutral, photons can only be emitted from the a0- and π-mesons in
an isospin I3 = ±1 state. To the lowest order in α, Γ(a00 → π0ηγ) = 0. Two diagrams for
the a+0 → ηπ+γ∗ decays are shown on Fig. 14. The matrix element can be written in the
form
M = −iegaηπMµε∗µ(k) (VI.64)
with
Mµ = (2P − k)µ
(P − k)2 − s +
(2p1 + k)µ
(p1 + k)2 − µ2 (VI.65)
where p1 is the pion momentum,
√
s = ma0 is the a0-meson mass, and P
2 = s. The tensor
part of the matrix element, Mµ, is transverse with respect to the photon momentum. The
square of the matrix element summed up over photon polarizations and averaged over the
directions of the pion momentum in the c. m. frame of the π- and η-mesons has the form
R ≡
∫
dΩ12
4π
MµMν∗(−gµν)
= − 1
(s12 − s)2
[
2s+ 2s12 −M2
]− 1
B′2π
[
(4µ2 −M2)F (ξ′) + 2B′πL(ξ′)
]
− 2
(s12 − s)B′π
[
(s+ s12 −M2 + 2(µ2 − µ′2))L(ξ′) +B′π
]
(VI.66)
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where s12 = (p1 + p2)
2, p2 is the η momentum, p
2
2 = µ
′2, and F (ξ′) and L(ξ′) are functions
of the parameter
ξ′ =
2
B′π
√
s
s12
p∗(
√
s12, µ, µ
′)p∗(
√
s,
√
s12,M). (VI.67)
The value B′π is given by
B′π =
1
2
(s+M2 − s12) + 1
2s12
(µ2 − µ′2)(s−M2 − s12). (VI.68)
The a+0 → π+ηγ∗ decay width becomes
Γ(a+0 → π+ηγ∗) =
α
16π2s
g2a0πη
∣∣Fπ(M2)∣∣2
×
∫ (√s−M)2
(µ+µ′)2
R p
∗(
√
s,
√
s12,M)p
∗(
√
s12, µ, µ
′)√
s12
ds12. (VI.69)
The dilepton spectrum can be calculated using Eq.(II.10):
dΓ(a+0 → π+ηe+e−) = Γ(a+0 → π+ηγ∗)MΓ(γ∗ → e+e−)
dM2
πM4
(VI.70)
The possible values of M lie in the interval 2m ≤M ≤ √s− µ− µ′.
VII. NUMERICAL RESULTS
The dilepton meson decays have essentially the same physical origin as the radiative
meson decays. Eq.(II.3) allows a direct calculation of the radiative widths within the frame-
work used for the calculation of the dilepton widths. Thus, the radiative decays provide a
useful test for the present model.
A. Radiative meson decays
The results for the radiative decays with two mesons in the final states are shown in
Table 2. The ρ0 → π+π−γ, ω → π0π0γ, and η′ → π+π−γ branching ratios are in the
reasonable agreement with experiment. The branching of the η → π+π−γ decay is higher
than the experimental value. The η-meson width is known with an accuracy of 10%. This
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uncertainty is also present in the calculated branching. The coupling constant f 2ργη to which
this branching is proportional is known with an accuracy of 20%. It is, however, not possible
to use these uncertainties in order to decrease the predicted branching, since the branching
for the η → π+π−e+e− decay is lower than the experimental value (see Table 3). The
measurement of the η → π+π−e+e− reaction has been done quite a long time ago and with
rather pure statistics (see Ref. [54]). It would be desirable to remeasure this process. The
experimental branching for the η′ → π+π−γ decay is taken from Ref. [59], others are from
[39]. The results for the ρ0 → π0π0γ, ρ → π0ηγ, ω → π0π0γ, and ω → π0ηγ decays are in
agreement with the calculations by Bramon, Grau and Pancheri [64] where the same model
for these decays is used. The branching ratios for decays including photon bremsstrahlung
are calculated for photon energies above 50 MeV. The data on the radiative decays with one
meson in the final state were used as input to fix the V γP couplings. These decays are not
listed in Table 2.
The results for the dilepton branching ratios are summarized in Table 3.
B. ρ-meson decays
The branching ratio B(ρ0 → π+π−γ) = (9.9±1.6)×10−3 is almost one order of magnitude
greater than the branching ratio B(ρ0 → π0γ) = (7.9±2.0)×10−4. Despite the fact that the
first one depends on the experimental cut in the photon energy, one can expect that the decay
mode ρ0 → π+π−e+e− is important. Indeed, it is seen from Table 3 that the ρ0 → π+π−e+e−
branching ratio is more than one order of magnitude greater than the ρ→ πe+e− branching
ratio and 4 times greater than branching ratio of the direct ρ0 → e+e− decay. The dominant
contribution comes, however, from the region of small invariant masses of the e+e− pair,
which is not seen experimentally. The same is true for the ρ± → π±π0e+e− decays. For
invariant masses M > 100 MeV, the number of the e+e− pairs due to the ρ0 → π+π−e+e−
and ρ± → π±π0e+e− decays increases by 30% as compared to the direct mode, if one assumes
that the ρ0- and ρ±-mesons are produced with equal probabilities. The differential branching
38
ratios for the ρ-meson decays are shown for the e+e− channels in Fig. 15 (a) and for the
µ+µ− channels in Fig. 15 (b). At small invariant masses such that 2me . M , the slope
equals d logB′/d logM ≈ −1 where B′ = dB/dM , when there is no bremsstrahlung. Such
a behavior appears because of the dM/M dependence of the differential branching ratio
according to Eq.(II.10). The bremsstrahlung makes the M → M′γ∗ widths more singular
(∼ log3(1/M)) and thus the slope of the other curves is larger.
In order to get a comparison with the direct channel, we plotted also a weighted ρ0 →
e+e− distribution according to equation
dB
dM
=
1
π
2MmρΓρ(M)
(M2 −m2ρ)2 +m2ρΓρ(M)2
B(ρ→ ℓ+ℓ−). (VII.1)
The ρ-meson width as a function of the value M is assumed to have to the form
Γρ(M) = Γρ
p∗3(M,
√
s0/2,
√
s0/2)
p∗3(mρ,
√
s0/2,
√
s0/2)
m2ρ + p
∗2(mρ,
√
s0/2,
√
s0/2)
m2ρ + p
∗2(M,
√
s0/2,
√
s0/2)
(VII.2)
where Γρ is the total experimental width and
√
s0 = 2µ is the two-pion threshold energy. In
the narrow-width limit, the integral from the left side of Eq.(VII.1) coincides with B(ρ →
e+e−).
C. ω-meson decays
The differential branching for the ω-meson decays are shown in Figs. 16 (a,b). The ω
decays are dominated through the ω → π0e+e− decay mode. The other modes give only a
small correction to the background. It is interesting that strength of the channel ω → π0e+e−
is one order of magnitude greater than strength of the direct channel ω → e+e−. The e+e−
pairs from these two decays have quite different invariant masses. The background appears
below 500 MeV. Like in the case of the ρ-meson, we plot also the weighted ω → ℓ+ℓ−
distributions according to Eq.(VII.1) with substitutions mρ ↔ mω and Γρ ↔ Γω for the
threshold energy
√
s0 = 3µ.
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D. φ-meson decays
The differential branching ratios for the φ-meson decays are shown in Figs. 17 (a,b).
We do not consider two-meson finals states. The dominant ones could be φ → ππγ∗ and
φ→ π0ηγ∗. The first decay with a real photon in the π0π0 mode was observed experimentally
[34,35]. It has branching Bexp(φ → π0π0γ) = (1.14 ± 0.22) × 10−4. This decay dominates
through the f0γ mechanism. One can expect that branching B(φ → π0π0e+e−) is two
orders of magnitude smaller than branching of the radiative decay, and so smaller than all
φ-meson branching ratios listed in Table 3. The φ → πηγ decay was also measured in
the SND experiment [34,35] to give Bexp(φ → π0ηγ) = (1.3 ± 0.5) × 10−4. The branching
B(φ→ πηe+e−) is also expected to be small. The measured φ→ ππγ and φ→ π0ηγ widths
are significantly greater than predictions of Ref. [64] where formation of the intermediate
f0γ and a0γ states is not considered. At present there is, however, yet no experimental
evidence for an a0-meson structure in the φ → π0ηγ decay, and thus it is not clear how to
interpret the excess in the φ→ π0ηγ mode. Consequently, the calculation of the branching
ratios for the dilepton φ→ π0ηℓ+ℓ− modes is still unclear.
We do not consider decay modes with kaons in the final states. The invariant mass of
the e+e−-pairs in such decays does not exceed 50 MeV, so they occur in the region excluded
by the experimental cuts M > 50 MeV. In Figs. 17 (a,b), the φ → ℓ+ℓ− distributions are
plotted according to Eq.(VII.1) modified for the φ-meson. The dominant two-kaon decay
channel with
√
s0 = 2µK where µK is the kaon mass and also the three-pion decay channel
with
√
s0 = 3µ are taken into account in the M-dependent width Γφ(M).
E. η- and η′-mesons decays
The differential branching ratios for the η- and η′-mesons are shown in Figs. 18 (a,b).
The η-meson dominates through the η → γℓ+ℓ− modes. The dominant e+e− modes for the
η′-meson are η′ → γe+e− at M > 250 MeV and η′ → π+π−e+e− at M . 250 MeV. The
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η′ → γℓ+ℓ− modes display clear structures connected to the ω- and ρ-meson contributions
to the η′γγ transition form factors. The η → π0π0ℓ+ℓ− decay is forbidden by C-parity
conservation, similarly for the η′-meson.
F. π0-, f0-, and a0-mesons decays
The differential branching ratios for the π0-, f0-, and a0-mesons are shown in Figs. 19
(a,b). At M . 500 MeV, the f0-meson decays dominate through the f0 → π+π−ℓ+ℓ− mode.
The four-body a0-meson decay also becomes dominant with decreasing the values ofM . The
dilepton spectra of the f0- and a0-mesons display clear structures connected to the ω- and
ρ-meson contributions to the transition form factors.
VIII. CONCLUSION
The present work is an attempt to approach the DLS puzzle through including new meson
decay channels. We studied decay modes of the light mesons below the φ(1020)-meson into
e+e− and µ+µ− pairs. Besides the direct decays and some Dalitz decays, which are well
known in the literature, we presented a systematic investigation of the decay modes which
contribute to the dilepton background and have not yet been taken into account in previous
studies. These are special Dalitz decays as, e.g. η′ → γℓ+ℓ−, f0 → γℓ+ℓ− and most of the
decays to four-body final states. Although many of these processes are found to give small
contributions to the total dilepton branching ratios, this is not the case for all of them:
We found that in the ρ0-meson decays, the dominant contribution to the background
below 350 MeV comes from the ρ0 → π+π−e+e− decay. The decay modes ρ0 → π+π−e+e−
and ρ± → π±π0e+e− increase the number of the e+e− yield with invariant mass M > 100
MeV by about 30% compared to the direct mode ρ0 → e+e− at M < 1 GeV, if one assumes
that production cross sections for the ρ±- and ρ0-mesons are equal. In case of the f0-meson,
the f0 → π+π−e+e− decay is in the interval 100−400 MeV one to three orders of magnitude
more important than the next to the dominant f0 → γe+e− mode. In most other cases,
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the four-body decays give only small contributions and thus there neglection appears to be
justified.
The calculated branching ratios can further be used for experimental searches for the
dilepton meson decays.
The production rates of mesons in p+ p, p+ A, and in particular in heavy-ion (A + A)
collisions differ by orders of magnitude and depend sensitively on the available energy of
the system. The relative strength of specific channels for different mesons can hardly be
estimated without complete transport calculations. However, for every meson we can decide
which channels are more important. The relative strength of e.g. ρ0 → π0ℓ+ℓ− and ρ0 →
π+π−ℓ+ℓ− decay modes can be found without knowing the cross section for the ρ0-meson
production.
Since theoretical models for the dileption production have to be adjusted to p + p and
possibly π+p reactions before applied to A+A reactions, a detailed knowledge of all relevant
decay channels and background processes is indispensable. In particular, the lack in the
understanding of the excess of dilepton pairs below the ρ-meson peak in the BEVALAC as
well as in the CERN data shows that scenarios with a reduced ρ-meson mass can be treated
at present as a plausible hypothesis only. To draw definite physical conclusions, one needs
to eliminate possible trivial explanations like those connected to existence of the nondirect
dilepton decays of light unflavored mesons.
After submitting this paper, we got to know on papers by Koch [68] and Lichard [69]
where a quite complete set of the Dalitz decays (without scalar mesons) and also a few
four-body channels were investigated. In Ref. [68], four-body channels are discussed within
an approximation suggested by Jarlskog and Pilkuhn [70], which consists in neglecting the
M-dependence of the matrix elements for emission of the virtual photons with mass M .
We performed straightforward calculations without approximations and included additional
Dalitz and four-body channels. In Ref. [69], the decay mode ρ0 → π+π−e+e− is analyzed
in details. Our expressions (VI.13) and (VI.18) coincide with the corresponding formulae
from the Lichard paper where, however, the pion form factor was neglected. The pion form
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factor has a small impact on the total e+e− decay rate. The dimuon mode, where higher
invariant masses are involved, is enhanced by about 40%.
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TABLES
fρππ gfππ gaηπ fρωπ fωγπ fργπ fωγη fργη fωγη′ fργη′
6.03 1.6 2.4 16 2.33 0.74 0.60 1.86 1.29 0.45
TABLE I. Meson-meson and meson-photon coupling constants. The coupling constant fρππ is
dimensionless, gfππ and gaηπ are in units of GeV and fρωπ ... fργη′ are in units of 1/GeV. The
meson-photon coupling constants are determined from the radiative meson decays. The extracted
values are in good agreement with predictions from the SU(3) symmetry. The first three coupling
constants are determined from the dominant meson decays.
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Decay mode Bth Bexp
ρ± → π±π0γ 4.0 × 10−3
ρ0 → π+π−γ 1.2 × 10−2 (0.99 ± 0.16) × 10−2
ρ0 → π0π0γ 1.2 × 10−5
ρ0 → π0ηγ 3.8 × 10−10
ω → π+π−γ 3.2 × 10−4 < 3.6× 10−3
ω → π0π0γ 3.1 × 10−5 (7.2 ± 2.5)× 10−5
ω → π0ηγ 2.1 × 10−7
η → π+π−γ 6.9 × 10−2 (4.78 ± 0.12) × 10−2
η′ → π+π−γ 2.5 × 10−1 (2.8 ± 0.4)× 10−1
f0 → π+π−γ 1.1 × 10−2
a±0 → π±ηγ 2.4 × 10−3
TABLE II. Branching ratios of radiative meson decays. For channels with the photon
bremsstrahlung, the branching ratios are calculated for photon energies above 50 MeV. The ex-
perimental branching of the η′ → π+π−γ decay is taken from Ref. [52], other data are from Ref.
[35].
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Decay mode Bthe+e− B
exp
e+e−
Bthµ+µ− B
exp
µ+µ−
ρ0 → ℓ+ℓ− input (4.48 ± 0.22) × 10−5 4. 5 × 10−5 (4.60 ± 0.28) × 10−5
ρ→ πℓ+ℓ− 4.1× 10−6 4.6 × 10−7
ρ0 → ηℓ+ℓ− 2.7× 10−6 7.0 × 10−11
ρ± → π±π0ℓ+ℓ− 5.4× 10−5 1.8 × 10−7
ρ0 → π+π−ℓ+ℓ− 1.7× 10−4 6.7 × 10−7
ρ0 → π0π0ℓ+ℓ− 7.5× 10−8 2.4 × 10−9
ρ→ πηℓ+ℓ− 1.9× 10−12
ω → ℓ+ℓ− input (7.15 ± 0.19) × 10−5 7.1 × 10−5 < 1.8× 10−4
ω → π0ℓ+ℓ− 7.9× 10−4 (5.9 ± 1.9)× 10−4 9.2 × 10−5 (9.6 ± 2.3)× 10−5
ω → ηℓ+ℓ− 6.0× 10−6 1.8 × 10−9
ω → π+π−ℓ+ℓ− 3.9× 10−6 2.9 × 10−8
ω → π0π0ℓ+ℓ− 2.0× 10−7 7.4 × 10−9
ω → π0ηℓ+ℓ− 8.7× 10−10
φ→ ℓ+ℓ− input (3.00 ± 0.06) × 10−4 3.0 × 10−4 (2.48 ± 0.34) × 10−4
φ→ π0ℓ+ℓ− 1.6× 10−5 < 1.2× 10−4 4.8 × 10−6
φ→ ηℓ+ℓ− 1.1× 10−4 (1.3 + 0.8− 0.6)× 10−4 6.8 × 10−6
η → γℓ+ℓ− 6.5× 10−3 (4.9 ± 1.1)× 10−3 3.0 × 10−4 (3.1 ± 0.4)× 10−4
η → π+π−ℓ+ℓ− 3.6× 10−4 (1.3 + 1.2− 0.8)× 10−3 1.2 × 10−8
η′ → γℓ+ℓ− 4.2× 10−4 8.1 × 10−5 (1.04 ± 0.26) × 10−4
η′ → ωℓ+ℓ− 2.0× 10−4
η′ → π+π−ℓ+ℓ− 1.8× 10−3 2.0 × 10−5
f0 → γℓ+ℓ− 2.2× 10−7 2.8 × 10−8
f0 → π+π−ℓ+ℓ− 1.4× 10−4 4.1 × 10−7
a00 → γℓ+ℓ− 6.0× 10−8 7.4 × 10−9
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a0 → πηℓ+ℓ− 4.0× 10−5 1.4 × 10−9
π0 → γℓ+ℓ− 1.18 × 10−2 (1.198 ± 0.032) × 10−2
TABLE III. The integral branchings ratios of the unflavored meson decays to electron-positron
and muon-antimuon pairs. The experimental data are from Ref. [35].
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FIGURE CAPTIONS
Fig. 1: Direct decays of vector mesons into electron-positron and muon-antimuon pairs.
Fig. 2: Decays of scalar mesons into a photon and a virtual photon.
Fig. 3: Decays of scalar mesons into a photon and a virtual photon.
Fig. 4: Magnetic dipole transitions V → Pγ∗.
Fig. 5: η-meson decays through a two-step mechanism.
Fig. 6: ρ0-meson decays into a virtual photon and two charged pions.
Fig. 7: ρ0-meson decays into a virtual photon and two neutral pions.
Fig. 8: ω-meson decays into a virtual photon and two neutral pions.
Fig. 9: ω-meson decays into a virtual photon and two charged pions. The first two
diagrams (a) and (b) are gauge invariant. They correspond to the two-step mechanism of
the ω-meson decays. The next two diagrams (c) and (d) occurring due to the ωρ mixing cor-
respond to the photon bremsstrahlung.. The last diagram (e) restores the gauge invariance
of the previous two diagrams.
Fig.10: ρ -meson decays into a virtual photon and η- and π-mesons.
Fig.11: ω -meson decays into a virtual photon and η- and π0-mesons.
Fig.12: ρ±-meson decays into a virtual photon and π±- and π0-mesons. The sum of the
diagrams (a), (b), and (c) is gauge invariant. The diagram (d) is gauge invariant.
Fig.13: f0(980) -meson decays into a virtual photon and two charged pions.
Fig.14: a0(980) -meson decays into a virtual photon and η- and π-mesons.
Fig.15: The differential branching ratios for the ρ-meson decays into e+e− (a) and µ+µ−
(b) channels as functions of the invariant mass, M , of the dilepton pairs. The solid curves
(8 and 9) are the total ratios for the ρ0- and ρ± -mesons.
Fig.16: The differential branching ratios for the ω-meson decays into e+e− (a) and µ+µ−
(b) channels as functions of the invariant mass, M , of the dilepton pairs. The solid curve is
the total ratio. The background is dominated through the πe+e− and πµ+µ− Dalitz decays.
Fig.17: The differential branching ratios for the φ-meson decays into e+e− (a) and µ+µ−
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(b) channels versus the invariant mass, M , of the dilepton pairs.
Fig.18: The differential branching ratios for the η- and η′-mesons decaying into e+e−
(a) and µ+µ− (b) channels versus the invariant mass, M , of the dilepton pairs. The solid
curves give the total ratios. The narrow structure in the η′ → γe+e− decay is connected to
the ω-meson contribution to the η′ → γγ∗ transition form factor (see Eq.(IV.5)). The same
holds for the η′ → γµ+µ− decay.
Fig.19: The differential branching ratios for the π0-, f0(980)-, and a0(980)-mesons into
e+e− (a) and µ+µ− (b) channels versus the invariant mass, M , of the dilepton pairs. The
solid curves No. 6 (a) and No. 5 (b) give the total branching ratios, respectively, of the e+e−
and µ+µ− modes of the f0-meson. The structures in the f0- and a0-mesons Dalitz decays
γℓ+ℓ− are connected to the ω- and ρ-mesons contributions to the f0 and a0 transition form
factors.
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